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On the defects of quaternion theory and its alternative solutions
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Changqing No.1 High School of Jinan, Jinan, Shandong

[ Abstract] It is now universally acknowledged in the mathematical community that quaternions are an
extension of the set of complex numbers, and based on this, hypercomplex numbers such as octonions have been
developed. Quaternion matrices are widely used in theoretical research in mathematics and other disciplines, being
important theorems over the quaternion division algebra, and they hold a crucial position in the learning process of
matrices. However, the analysis of this study shows that treating quaternions as an extension of the complex number
set does not meet the necessity of number set expansion, nor does it comply with the principles of number set
extension. According to number set expansion rules—the original number set serves as a special case of the new
number set, and the original operational rules in the original number set still hold, meaning the correspondence
principle is satisfied. In the three-dimensional vector ai+bj+ck, i, j, and k are markers to distinguish the components
of the vector on the x-axis, y-axis, and z-axis respectively, it is permissible to stipulate that i> = j> = k? = lor assign
other values to them. But in the complex number a-+bi, 1 has a special meaning: i?=—1. In the quaternion ai+bj+ck+d,
when d=0, it represents a three-dimensional vector, with a, b, and ¢ representing the components on the x-axis, y-
axis, and z-axis respectively. Therefore, when ¢ = 0, the two-dimensional vector should be ai + bj, with a and b

representing the components on the x-axis and y-axis respectively. However, there is an inconsistency in the units—
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the former uses i and j, while the latter uses 1 and i, and i>=j?=—1 # 1. This itself presents an incoherence, illustrating
that Hamilton's quaternions cannot be regarded as an extension of the complex number set. Thus, only by
distinguishing vector multiplication from ordinary multiplication and replacing quaternions with geometric products
can the principles of number set extension and the concept of scientific beauty be satisfied. A new number set should
be a product of natural laws rather than artificial conventions; its conclusions should either be consistent with lower-
level number sets or serve as their extensions. The direction of mathematical development lies in the expansion of
operation types and the extension of number fields.

[ Keywords ] Quaternion; Geometric product; Principle of number set extension; Vector multiplication;
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